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Introduction

Suppose that we have a random variable X that has unknown mean µ and unknown variance σs. Suppose

also that we have n samples (instances) of X, denotes x1, x2, . . . , xn, each of which is independent of the

others. We seek to find unbiased estimates of the mean and variance of X. The definition of an unbiased

estimate of a statistic θ (the estimate denoted θ̂) is:

E{θ̂} = θ (1)

For the following proof we also need to define:

E{X} = µ (2)

E{(X − µ)2)} = σ2 (3)

Mean Esimation

The well known estimate of the mean, x̄ is:

x̄ =
1

n

n
∑

i=1

xi (4)

to show that this is an unbiased estimate, we find the expectation of x̄:

E{x̄} = E{
1

n

n
∑

i=1

xi}

=
1

n

n
∑

i=1

E{xi}

=
1

n
nµ

= µ

(5)

where we have used the fact that the expected value of any instance xi of X is conceptually the same as

the expected value of X.
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Variance Estimation

An estimate, s2 of the variance is often quoted as:

s2 =
1

n

n
∑

i=1

(xi − x̄)2 (6)

equally, it is also often quoted as:

s2 =
1

n − 1

n
∑

i=1

(xi − x̄)2 (7)

The proof below shows that the second estimate is in fact the “correct” estimate, although for large n,

the difference is negligible. The target is to show that E{s2} = σ2.

E{s2} = E{
1

n − 1

n
∑

i=1

(xi − x̄)2}

=
1

n − 1

n
∑

i=1

E{(xi − x̄)2}

=
1

n − 1

n
∑

i=1

E{((xi − µ) − (x̄ − µ))2}

(8)

Expanding the expectation gives,

E{((xi − µ) − (x̄ − µ))2} = E{(xi − µ)2 − 2(xi − µ)(x̄ − µ) + (x̄ − µ)2}

= E{(xi − µ)2} − 2E{(xi − µ)(x̄ − µ)} + E{(x̄ − µ)2}
(9)

we can now make the following observations:

E{(xi − µ)2} = σ2 (10)

using (4) we can write:

(xi − µ)(x̄ − µ) = (xi − µ)





1

n

n
∑

j=1

(xj − µ)





=
1

n

n
∑

j=1

(xi − µ)(xj − µ)

(11)

observing that:

E{(xi − µ)(xj − µ)} = 0 ∀i 6= j (12)

because each sample of X is independent of all the others. All this means that the second term in the

expansion becomes:

−2E{(xi − µ)(x̄ − µ)} = −
2

n
σ2 (13)

Finally, the final term must be addressed, again using (4):

E{(x̄ − µ)2} = E{





1

n

n
∑

j=1

(xj − µ)





[

1

n

n
∑

k=1

(xk − µ)

]

}

=
1

n2
E{

n
∑

j=1

n
∑

k=1

(xj − µ)(xk − µ)}

=
1

n2
nσ2

=
1

n
σ2

(14)
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So we can finally substitue all these terms back in:

E{s2} =
1

n − 1

n
∑

i=1

[

σ2 − 2
σ2

n
−

σ2

n

]

=
1

n − 1

n
∑

i=1

(σ2 −
σ2

n
)

=
1

n − 1
(nσ2 − σ2) =

1

n − 1
(n − 1)σ2

= σ2

(15)

Thus this estimate of the variance is unbiased.
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